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The electroweak response functions for inclusive electron scattering are calculated
in the Relativistic Fermi Gas model, both in the quasi-elastic and in the ∆ peak
regions. The impact of relativistic kinematics at high momentum transfer is inves-
tigated through an expansion in the initial nucleonic momentum, which is however
exact in the four-momentum of the exchanged boson. The same expansion is
applied to the meson exchange currents in the particle-hole sector: it is shown
that the non-relativistic currents can be corrected by simple kinematical factors to
account for relativity. The left-right asymmetry measured via polarized electron
scattering is finally evaluated in the quasi-elastic and ∆ peaks.
1 Introduction
The possibility of extracting from polarized electron scattering on protons the
single nucleon strange and axial form factors has been the focus of many recent
studies. Also the electroexcitation of the ∆ provides important informations
on the very poorly known N → ∆ transition form factors. However the
scattering on a free proton is insufficient to disentangle all the form factors
involved in the process: hence the opportunity to perform experiments on
complex nuclei has been suggested 1.
Since the double differential asymmetry for inclusive electron scattering
A = d
2σ(h = +1)− d2σ(h = −1)
d2σ(h = +1) + d2σ(h = −1) (1)
(h being the helicity of the initial electron) is an extremely small quantity
- roughly of the order of 10−5 - whose absolute value grows with |Q2|, a
relativistic treatment of the reaction in both the quasi-elastic (QE) and ∆
peak is needed.
The most appropriate theoretical framework for a consistent study of rel-
ativistic effects is the Relativistic Fermi Gas (RFG) model, which, in spite
of its simplicity, is capable of well describing the qualitative features of both
peaks, fulfilling the fundamental requirements of Lorentz covariance and gauge
invariance. Moreover for a non-interacting system the RFG yields analytical
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expressions for the response functions, allowing for a clear physical interpre-
tation of each contribution. On the basis of free RFG nuclear correlations
can then be treated perturbatively, still preserving the two above mentioned
properties.
2 Relativistic Fermi Gas response functions
The asymmetry (1) can be expressed in terms of 5 inclusive response func-
tions, the longitudinal and transverse electromagnetic RL and RT and the
longitudinal, transverse and axial R˜L, R˜T and R˜T
′
parity-violating ones, as-
sociated to the interference between the photon and Z0 exchange, according
to
A = A0 vLR˜
L + vT R˜
T + vT ′R˜
T ′
vLRL + vTRT
, (2)
vL,T,T ′ being kinematical factors and A0 ≈ 3.1× 10−4τ .
In the RFG model the nucleus is treated as a collection of free nucleons
described by positive energy Dirac spinors with E(p) =
√
p2 +m2N : the above
responses are then analytic and factorize as follows 1,2
RL,T (κ, λ) =
3N ξF
4κmNη3F
[
1− ψ2(κ, λ)]UL,T (κ, λ) (3)
R˜L,T,T
′
(κ, λ) =
3N ξF
4κmNη3F
[
1− ψ2(κ, λ)] U˜L,T,T ′(κ, λ) , (4)
where N is the number of protons or neutrons, κ = q/2mN and λ = ω/2mN
are the dimensionless momentum and energy transfers, ηF = pF /mN and
ξF =
√
η2F + 1− 1 the Fermi momentum and kinetic energy and
ψ2(κ, λ) =
ǫ0 − 1
ξF
=
1
ξF
(
κ
√
1
τ
+ ρ2 − λρ− 1
)
(5)
the squared scaling variable3,4, linked to the minimum energy ǫ0 required to
a nucleon in order to respond to the probe. In the above τ = κ2 − λ2 and
ρ = 1 +
1
4τ
(
µ2 − 1) with µ = m∆/mN (6)
is an inelasticity parameter which reduces to unity in the nucleonic sector, thus
allowing for a compact treatment of the quasi-elastic and ∆ peaks, providing
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the ∆ is treated as a stable particle: the resonance decay can be subsequently
taken into account by introducing a finite, energy-dependent, width 4,2,5.
The functions U and U˜ in (3,4) depend upon the specific electron-nucleon
process of interest, although they are not simply given by single nucleons form
factors, since in a relativistic model the nucleonic and the many-body content
of the problem cannot be factorized. They read
UL(κ, λ) =
κ2
τ
[
(1 + τρ2)w2(τ)− w1(τ) + w2(τ)DL(κ, λ)
]
(7)
UT (κ, λ) = 2w1(τ) + w2(τ)DT (κ, λ) (8)
U˜L(κ, λ) =
κ2
τ
[
(1 + τρ2)w˜2(τ)− w˜1(τ) + w˜2(τ)DL(κ, λ)
]
(9)
U˜T (κ, λ) = 2w˜1(τ) + w˜2(τ)DT (κ, λ) (10)
U˜T
′
(κ, λ) = 2
√
τ(τρ2 + 1)w˜3(τ)
[
1 +DT ′(κ, λ)
]
, (11)
where the functions wi, w˜i contain the single nucleon electromagnetic and
weak form factors respectively (see Refs. 2 and 5 for their expressions). The
functions DL,T,T ′ arise from the relativistic kinematics and read
DL,T (κ, τ) = 1
ǫF − ǫ0
∫ ǫF
ǫ0
η2T (ǫ)dǫ (12)
=
τ
κ2
[
(λρ + 1)2 + (λρ+ 1)(1 + ψ2)ξF +
1
3
(1 + ψ2 + ψ4)ξ2F
]
− (1 + τρ2)
DT ′(κ, τ) = 1
ǫF − ǫ0
∫ ǫF
ǫ0
√1 + η2T (ǫ)
1 + τρ2
− 1
 dǫ
=
1
κ
√
τ
1 + τρ2
[
1 + ξF (1 + ψ
2) + λρ
]− 1 . (13)
The above expressions show that DL and DT just correspond to the mean
square value of the transverse momentum
ηT (ǫ) =
√
τ
κ2
(ǫ+ λρ)2 − 1− τρ2 (14)
of the nucleon, whereas DT ′ is related to the transverse kinetic energy of
the nucleon when τ is small. It is worth noticing that the D functions are
quadratic in the Fermi momentum and vanish in non-relativistic models.
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The relativistic response functions thus obtained are sensibly different
from the non-relativistic ones for momentum transfer higher than about 1
GeV/c, the differcence obviously growing with q.
As an illustration, we focuss on the ∆ region, where the transverse Fermi
motion gives rise to a longitudinal response function, even for a spherical (M1)
∆, as predicted by the constituent quark model. This effect, first pointed out
in Ref. 6, is negligible at low q and kF , but becomes significant in heavy nuclei
and for high momentum transfer. Moreover, if one considers the full N → ∆
vertex 7, that includes M1, E2 and C2 amplitudes, the longitudinal response
in the ∆ region turns out to be
RL∆(κ, λ) ∝ G2C,∆(τ)+
4µ2
[
G2M,∆(τ) + 3G
2
E,∆(τ)
]
+G2C,∆(τ)
τ(1 + τρ2)
DL(κ, τ) , (15)
thus arising from both the Coulomb transition form factor and from the many-
body relativistic effect contained in D. This effect, evaluated in Ref. 4 in the
RFG model, yields a ∆ longitudinal response which is about 15% of the
corresponding quasi-elastic one at q=1 GeV/c in absence of Coulomb form
factor. The latter is shown to further enhance this ratio of almost a factor 2,
thus showing the strong sensitivity of this response to the deformation of the
∆ resonance.
To go beyond the free Fermi gas, the impact of the N-N interaction on the
response functions should be calculated in the same relativistic framework. In
Ref.8 the effect of nuclear correlations on RL
∆
is included in the Boson Loop
Expansion framework, which sums up an infinite class of particle-hole, ∆-hole,
2p-2h and 3p-3h diagrams: the results indicate a substantial enhancement of
the response at q ≃ 500 MeV/c. Unfortunately the calculation could not be
applied at higher momentum transfers, since it is non-relativistic. Although
exact relativistic calculations can in principle be performed, we illustrate in
the next Section a new non-relativistic expansion of the nuclear currents, first
suggested in Ref. 9, which provides an extremely good approximation to the
exact result for any value of the energy and momentum transfers and allows
for the inclusion of relativistic effects in non-relativistic calculations through
simple kinematical factors.
3 A new non-relativistic expansion
The method treats asymmetrically the nucleons in initial and final states, ex-
panding the single nucleon current in powers of the parameter η = p/mN ,
where p is the three–momentum of the nucleon inside the Fermi sphere, and
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truncating the expansion at linear order. Since η ≤ ηF , ηF being tipycally
about 1/4, this turns out to be an excellent approximation, which, compared
to the traditional non-relativistic expansions, has the advantage of retaining
the full dependence on κ and λ. The same procedure can also be applied to
2-body currents, like meson-exchange 10 and correlation currents 11. The “rel-
ativized” currents so obtained can be implemented together with relativistic
kinematics in standard non-relativistic models of one-particle emission near
the quasi-elastic and ∆ peaks.
To illustrate the method, let us discuss in some details the single-nucleon
on-shell electromagnetic current operator
Jµ(P ′s′;Ps) = u(p′, s′)
[
F1γ
µ +
i
2mN
F2σ
µνQν
]
u(p, s) . (16)
By expanding the Dirac spinors in powers of the bound nucleon momentum
η = p/mN one gets (omitting the spinors χs, χ
†
s′)
J0 ≃ κ√
τ
GE +
i√
1 + τ
(
GM − GE
2
)
(κ× η) · σ (17)
J⊥ ≃ 1√
1 + τ
{
iGM (σ × κ) +
(
GE +
τ
2
GM
)(
η − κ · η
κ2
κ
)
− iGM
1 + τ
(σ × κ)κ · η + iGM
2(1 + τ)
(η × κ)σ · κ
}
(18)
for the time and space transverse components, respectively, the longitudinal
current being trivially linked to J0 via current conservation. By comparing
these expressions with the traditional non-relativistic ones
J0nonrel = GE (19)
J⊥nonrel = iGM (σ × κ) +GE
(
η − κ · η
κ2
κ
)
(20)
one notices that, besides the extra terms linear in η, the kinematical factor
κ/
√
τ > 1 is present in the time component, corresponding to an enhancement
of the charge response function, whereas the factor 1/(1+τ) < 1 in J⊥ induces
a reduction of the transverse response. These effects are directly linked to the
relativistic phenomena of length contraction and time dilation.
Although technically more cumbersome because of the spin structure of
the ∆, the same procedure can be applied to the N → ∆ transition current.
If, for simplicity, we restrict our analysis to M1 transistions, the η-expansion
of the current 7
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Figure 3
Figure 1. Electromagnetic responses in the ∆-peak at q =2 GeV/c for 12C with kF = 225
MeV/c, without a ∆-width. Solid: exact results within the RFG model; dashed: new
expansion of the electromagnetic current to first order in η; dot-dashed: traditional non-
relativistic current. We use relativistic kinematics in all cases.
JµN→∆(P∆s∆;Ps) = u
β
∆
(P∆, s∆)
G
2m2N
ǫβµαγ(Pα + P∆α)Qγu(P, s) , (21)
where uβ
∆
(P∆, s∆) is the Rarita-Schwinger spinor describing a spin-3/2 parti-
cle and G is proportional to the magnetic transition form factor GM,∆, yields
J0N→∆ = −2G
√
1 + τ ′S† · (η × κ) +O(η2) (22)
JN→∆ = 2G
√
1 + τ ′(S† × κ) +O(η) , (23)
where τ ′ = [4τ + (µ − 1)2]/(4µ) and S is the usual 1/2→3/2 spin transition
operator.
The quality of the new approximation to the relativistic, magnetic ∆
current is shown in fig. 1, where the exact RFG longitudinal and transverse
responses obtained using magnetic and electric form factors are displayed with
solid lines. In addition we show with dashed lines the responses computed in
the non-relativistic Fermi gas model with relativistic kinematics and the new
currents in Eqs. (22,23). For comparison we also show with dot-dashed lines
results for the non-relativistic Fermi gas model and relativistic kinematics,
but using the traditional non-relativistic current. The improvement of the
description of the relativistic results using our currents is clear from this figure
— the solid and dashed lines almost coincide. This proves that our expansion
to order O(η) is precise enough to describe the ∆ excitation in nuclei with
negligible error for high momentum transfers.
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4 Meson Exchange Currents
We now consider the Meson-Exchange-Currents (MEC) associated to pion
exchange, which have to be taken into account in order to preserve current
conservation. We have applied the above non-relativistic expansion to the
particle-hole matrix elements of the so-called pion-in-flight and seagull cur-
rents, corresponding to γππ and γπN vertices respectively, and compared
the results with the exact relativistic calculation and with the “traditional”
non-relativistic one, where q and ω are not treated exactly 12.
In Fig. 2 we show, for sake of illustration, the p-h matrix element of a
typical component of the pion-in-flight current at q=2 GeV/c in the allowed
spin channels (spin diagonal in the left panel and spin-flip in the right panel);
similar results hold for the other components and for the seagull current, as
shown in Ref. 10. Again our approximation is in fact indistinguishable from
the exact calculation.
Notably the final expressions for the “relativized” currents (R) is linked
to the traditional non-relativistic (TNR) ones through simple kinematical fac-
tors. For the pion-in-flight this is a global reduction factor
Jµ,RP =
1√
1 + τ
Jµ,TNRP (24)
and the same relation holds for the time component of the seagull current,
whereas for its space component we get
JRS =
1√
1 + τ
J
1,TNR
S +
√
1 + τJ2,TNRS , (25)
where J1S and J
2
S correspond to two different pionic momentum flows (see
Ref. 10 for details).
5 The asymmetry in the ∆-resonance region
Due to the purely isovector nature of the ∆ resonance, the asymmetry (2)
reads in this region
AN−∆ = A0
{
− (1− 2 sin2 θw)+ vT ′ R˜T ′V A(κ, λ)
vLRL(κ, λ) + vTRT (κ, λ)
}
, (26)
θw being the Weinberg angle. The above formula clearly shows that if the axial
N → ∆ response can be neglected then the inelastic asymmetry, normalized
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Figure 7: The same as Fig.5 for q = 2000 MeV=c.Figure 2. Pion-in-flight p-h matrix elemnts (in arbitrary units) for q=2 GeV/5. The kine-
matics for the hole is |~h|=175 MeV/c and the azimuthal angle is Φ = 0. The spins are
sp = sh = 1/2 in the left panel and sp = −sh = 1/2 in the right panel. Soild: relativistic;
dashed: our approximation; dot-dashed: traditional non-relativistic
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Figure 3. Asymmetry at θ = 100 (solid), θ = 300 (dashed) and θ = 1500 (dotted) for
q = 350 MeV/c. The ω range encompasses both the QEP and the ∆ domain. The left and
right panels respectively refer to a vanishing width and to a finite decay width Γ(s).
to A0 and displayed versus λ for fixed κ, would be flat in the ∆ domain. Hence
a departure from flatness would signal the presence of the axial response. In
Fig. 3 the ratio A/A0 is displayed versus ω at q=350 MeV/c and θ = 100,
which are, according to the analysis of Ref. 5, the most favourable kinematical
conditions: indeed the asymmetry is increased by about 10%.
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The most notable feature of the A found relates to the dramatic increase
of its magnitude as one makes a transition from the QEP into the N → ∆
region for small electron scattering angles. Because of its size this effect should
be measurable both at large (∼1 GeV/c) and moderate (∼300-400 MeV/c)
momentum transfer. In the former case nuclear interactions are not likely to
disrupt the RFG predictions too much. In the latter a modification of the
effect could take place, but then this might eventually help to shed light on
the nature of the NN and N∆ forces.
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